THE STRUCTURE OF GROUP-LIKE EXTENSIONS
OF MINIMAL SETS()

BY
ROBERT ELLIS

Introduction. The aim of this paper is to develop further the algebraic theory
of minimal sets begun in [6] and [7] and to apply it to obtain a structure theorem
for the collection of group-like extensions of a given minimal set. When this
minimal set is taken to be a single point, the resulting theorem reduces to the one
obtained by Furstenberg [8].

The paper is divided into six sections. In §§1 and 2 the general algebraic theory is
developed. Since I feel that this theory can be fruitfully applied to other problems
in topological dynamics besides the one considered here, I have tried to make this
exposition self-contained. Thus much of the discussion contained in these two
sections is to be found in [6] and [7]). However, some of the notation has been
changed for purposes of simplification. The new material, herein, is concerned with
the construction and study of various topologies on a certain subgroup of the
B-compactification of an arbitrary abstract group. These are the so called 7-
topologies of which brief mention was made in [7].

§3 is a collection of results from various papers inserted in order to make the
overall exposition self-contained.

In §4 the algebraic theory is applied to develop a structure theory of group-like
extensions. The relation of this structure theory to that of Furstenberg for distal
minimal sets [8] is exhibited. This is done by means of the notions of a principal
extension and a principal bi-transformation group (analogous to a principal fiber
bundle) introduced in this section.

The main proposition of this paper is 4.14 which is a general statement about
principal group extensions. When applied to the situation at hand it yields a
generalization of the Furstenberg results.

In §5 the main proposition is applied to some special cases. Here the Bohr
compactification of the abstract group T is exhibited in terms of the algebraic
theory previously described.

During the course of this paper and also in [6] and [7] various seemingly arbitrary
choices are made. §6 is devoted to showing that these choices are indeed natural.

1. In this first section I introduce some notation and definitions which will be
used throughout the paper. A few basic lemmas are also proved.
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1.1 Standing notation and definitions. In this paper T will denote a group
provided with its discrete topology, BT its Stone-Cech compactification, and
% =%(BT) the Banach algebra of real valued continuous functions on BT (with
I.f=sup [| /(x)|/x € BT] for all f € ¥).

Let teT. Then the map R,: T— BT such that R(s)=st(seT) is contin-
uous. Hence it has a continuous extension to all of 87, which I shall again denote
by R..

Now let x € 8T. Then the map L,: T— BT, such that L,(t)=R/(x) (teT) is
continuous. (Recall that T is discrete.) Hence L, may be extended to a continuous
mapping (again denoted L,) of BT into BT.

For x, y e BT, set xy=L,(y). Then xt=L,(t)=R(x) (x€ BT, teT), and it is
natural to set R,(x)=xy (x, y € BT). (Recall that T may be viewed as a dense subset
of BT.) In this way BT is provided with a semigroup structure such that L, is
continuous (x € 8T) and R, is continuous (x € T).

Let fe €, x € BT. Then it will be convenient to denote the image of x under f by
<fx.

Again let fe €, x € BT. Then fx will denote L, followed by f and xf will denote
R, followed by f. Thus (fx, y>=<{f, xy> and {xf, y>=<{f, yx> (f€ ¥, x, y € BT).
Note that fx € € (fe ¥, x € 8T), whereas all that can be said in general about xf'is
that it is in ¥ when fe € and xe T.

By a T-subalgebra & of € 1 shall mean a uniformly closed subalgebra of ¥
containing the constant functions and such that tfe & (te T, f e &).

One may view % as the set of continuous real valued functions on BT or alterna-
tively as the collection of bounded real valued functions on 7. This latter point of
view is useful in defining elements of €. Thus let K<BT, fe €. Then f%, (fy), will
denote that element of ¥ such that {f¥, t>=sup [{fX, > |xe€ K] fx, t)=
inf [(fx, t) | x € K]) for all ¢t e T. (This notation does not agree with that of [6]
but is more convenient.) The reader is cautioned that in general {f%, y> need not
equal sup [{fx, y> | x € K] nor need {fx, y) equalinf [{fx, y> | x € K] when y is an
arbitrary element of BT. One deduces from the continuity of /% and f, that (f¥%, y)
2sup [{f, xy> | x € K] and that {fx, y)><inf [{f, xy) | x € K] for all y e BT.

1.2 LEMMA. The following statements hold for all fe €, x € 8T, t € T, and non-
vacuous subsets K< pT.

L (=N)f==(fa)s

2. (@)Y=ufo),

2. (N)x=t(fx),

3. (fxFE=f,
3. (f x)K =f;¢K >
4. fxx g fx X,

4'. fo§fxx.
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Proof. Let me first remark that 2’, 3, and 4’ follow from 1 together with 2, 3, and
4 respectively. Hence I shall only prove 1, 2, 3, and 4.

(=), s) =sup [{—f,ys) | ye K]
1. =sup [-{f, 5D | ye K] = —inf [{f, ys) | ye K]
= _<fK’s> (SGT)'

()%, s> = sup [Ktf, ys) | y € K]
2. = sup [{f, yst) | y € K] = {f¥, st)
= <th, S> (S € T)°
3. Let xeBT. Then for all te T,

(X)E,t) = sup [(fx, yt) | y € K] = sup [{f, xyt) | y € K]
= sup [(f, zt) | ze xK] = {f*%, 1).

4. Let se T, ze Kx. Then there exists y € K with z=yx. Since y € KX, fy<f¥.
Hence {fz, s)={fyx, s)={fy, xs)={f¥x, s). This implies that fX*< f¥x,

1.3 LeMMA. Let f, g€ ¥, K, L nonvacuous subsets of BT, h=fAg. Then hX“t
Smin (f¥vghftvgX); (where if F,Ge¥,FAG=inf(F,G) and FvG=
sup (F, G)).

Proof. By definition (h¥“%, t>=sup [<ha,t) |ae KU L). Now <ha, t)<{fa,t)
S{fE,tyifae Kand <Cha, t)<{ga, t)<{gh t) if a € L. Thus in either case {ha,t)
<{f¥v gk, t). Since this holds for all # € T and all a € K U L, we may conclude that
hEVES fX v gL, Similarly A*YL< fEv gk,

2. The semigroup structure on ST defined in §1 induces an action of T on BT so
that the pair (87, T) becomes a transformation group in the sense of [9]. Since 8T is
compact, [9] guarantees the existence of a minimal subset M of BT. This means that
MT<M and that cl (xT)=M (xe M). The transformation group (M, T) is
universal in the sense that if (X, T) is any minimal transformation group, where X’
is compact Hausdorff, then there exists a homomorphism of (M, T) onto (X, T);
i.e. a continuous mapping = of M onto X such that =(mt)=n(m)t (me M, te T).
(See [5] for details.)

In general there are many minimal subsets of BT, but they are all isomorphic [5].

One can also describe the minimal subsets of ST in terms of the semigroup
structure; namely they are just the minimal right ideals of BT [4].

As in [7] let M be some minimal subset of 8T and u a fixed idempotent in M.
(Such exists by [4].) Then the semigroup structure on BT induces a group structure
on G=Mu [4].

In this section I shall define and study various topologies on G and subgroups of
G: These will include the 7-topology introduced in [7].
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Although M and u are chosen arbitrarily, it will be shown later that the.results
obtained are “independent” of the choices made.

2.1 Standing notation. Henceforth M will denote a fixed minimal subset of 8T,
u a fixed idempotent thereof, and G the group Mu. As in [7] I shall denote the
elements of G by lower case Greek letters, w designating the element w.

Let K<G, fe €. Define

K’ = [e¢|ee Gand fe £ f¥w],
K; = [« | € G and frw £ fa,
Km= K!an.

and

It follows from 1 of Lemma 1.2 that XK'= K_, for all subsets K of G and element
fofé@.

2.2 PROPOSITION. Let &/ be a T-subalgebra of €. Then the mapping K — clsy K
=N [K(f) | fe ], from subsets of G to subsets of G defines a closure operator on G.

Before proceeding with the proof let me remark that since & is an algebra,
sy K=N[K'NnK,|fed]=IK'NK'|feL]
=N[K'|fed]=NI[K-;|feL]l = N[k |feH])

Proof. The proof is essentially the same as that in [7] but I include it for com-
pleteness sake.

Let K and L be arbitrary subsets of G. Then we must verify that

() K<clsy K;
(I) if K<L, then clsyy K<clsy L;

(II) clsy (clsey K)=clsy K; and

(V) clser (KU L)=clsozs KU Clsyy L.
With regard to (IV) note that (I) and (II) imply that cls K U cls L<cls (KU L).
Now suppose that « ¢ cls K U cls L. Then there exist f, g € & such that «¢ K/ U L?.
This means that there exist 7, s €T such that {f, at>>{f%, wt) and (g, as)
>{ g, ws). Since & contains the constant functions, we may assume that {f, at)
={g, as). Since & is a T-subalgebra, it contains the function A=A sg. Then

<hy o) = (f, at) = (g, as) > max ({(tf)E, w), {(sg)", w))
= (¥ Vv (s8)" w) 2 (HEVE, w)

by Lemma 1.3. Hence « ¢ (K U L)* whence « ¢ cls K U L. The proof is completed.
If o is a T-subalgebra of €, then 7(4) will denote the topology induced on G by
the above closure operator. Thus the r-topology introduced in [7] coincides with
7(%).
If K< BT, then K will denote the ordinary closure of K in BT. Thus if K< G, and
&/ is a T-subalgebra of €, cls,y K<G whereas K is in general not contained in G.
(Of course in this case K< M.)
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2.3 REMARKS.

1. One might try to define a closure operator on all of BT by dropping the
restriction that K be a subset of G. However, the resulting function from subsets of
BT to subsets of BT is not a closure operator. (The operator so defined is not
idempotent.) The difficulty arises from the presence of the idempotent w in the
definition of K’. If one eliminates this difficulty i.e. defines cls K=[x | x € BT and
JxZfX (fe %)), then one obtains the ordinary topology on 87. Let me indicate the
proof of the above fact since I will use it later.

Let K<BT,xe K, fe ¥, and t € T. Then there exists a net k, in K with k, — x.
Hence {f, kt)>={tf, k. — tf, x)={f, xt>. This implies that {(f%, t>={f, xt);
whence fx=f¥.

On the other hand, if x ¢ K then there exists fe € with {f, x)=1 and {f, y>=0
(y € K). This implies that fx£ f¥.

2. Let & and &# be two T-subalgebras of € with &/ =4%. Then it is immediate
from the definition that (&)< 7(%).

3. By Lemma 1.2 number 3, (fw)*=f“¥(fe¥, K<BT). Hence if K<G,
wK=K and (fw)*=f¥ (fe¥). Of course (fw)a=fx (x € G, fe¥). Thus we may
conclude that « € K’ if and only if « € K/%. This implies that 7(&/)= r(«/w) for all
T-subalgebras, &/ of €. Thus in defining the various 7-topologies on G we may
confine our attention to those T-subalgebras which are contained in # =[f| fe ¥
and fw=f] (note that w?’=w implies that Zw<.#). In particular the above
considerations show that ~(%)=+(#). (# is nothing but ¥w.)

2.4 LEMMA. Let K<G, x € K. Then xw € cls¢ K.
Proof. Let fe €. Then by 2.3, 1, fx<f¥. Hence fxw= f¥w and so xw € K'.
2.5 ProposITION. (G, 7(%)) is a compact, T, space.

Proof. Let (K;|ieI) be a family of =(%)-closed subsets of G with the finite
intersection property. Then (K, | i€ I) is a family of closed subsets of 87, again
with the finite intersection property. Since BT is compact, there exists x € K; (i € I).
By 2.4 xw € cls¢ K;=K, (i € I). Thus (G, 7(G)) is compact.

Now let o, B € G with a#8. Then there exists fe € with (f, «) <<{f, 8. Hence
B¢ o and 5o B ¢ cls¢ «. Thus «=clsg «.

2.6 PROPOSITION. Let &7 be a T-subalgebra of €. Then
(i) the map R,: (G, #()) — (G, ~(&)) is continuous for all « € G;
(ii) the map L,: (G, /(&)) — (G, «(&)) is continuous for all « € G such that
Lo
(iii) the map B — B~ of (G, 7(%¥)) into (G, ~(¥)) is continuous.

Proof. (i) Let K<G,Beclsy K, fe & Then from fBSf¥w we deduce that
SBeSffwa=f%a. Now K=Kw=Kacx~!, whence fXa=fKe lqxfKeq-lq=fKka.
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by Lemma 1.2, 4. Thus B« € (K«)'. Since f was arbitrary, we have shown that
R (clsos K)<clsy R,(K). Hence R, is continuous.

(ii) Let K<G,Beclsy K, fe & and « € G with o<« Then fo € &, whence
JB=(f)fw=f"%w; i.e. of € (e«K). Thus L,(clsy K)<=clsy L, K, whence L, is
continuous.

(iii) Let K<G, Becls¢ K, f€ ¥. I shall show that B~ € (K )/ which will imply
the continuity of the inverse since K and f are arbitrary.

Set h=f%"*. Then he ¥ and hxyw=<hB since Be K,. Let teT. Then {hg, t)>
=inf [h, at) | « € K]. Let e € K. Then ¢h, at ) ={f%"*, atpZ sup [{f, y *at)|y€K]
2{f,t) since a€ K. Hence <{hat)2{f,t)> (€ K), whence <{hg, t>Z{f, ).
Thus hx2f and so f¥ 'B=hB2 hxw=fw. This implies that fB-1<fX 'w;i.e. p~?
e(K-Y.

It will be convenient for expository purposes to abstract the situation described
in Propositions 2.5 and 2.6. Thus for the remainder of this section S will denote a
group provided with a topology with respect to which S is compact and such that
multiplication is continuous in each variable separately. (Note: I assume no
separation axioms nor that inversion is continuous.) Let 4~ denote the neighbor-
hood filter at the identity e of S and Q the intersection of the closures of the elements
of #,ie. Q= [V | V € #). I shall show that Q is a closed normal subgroup of S
such that S/Q is a compact Hausdorff topological group.

2.7 LeMMA. Let $#A<S. Then A=\ [AV - | Ve N].
Proof. The standard ““topological group proof” works equally well here.
2.8 LEMMA. Q is a closed invariant subgroup of S.

Proof. That Q is closed follows from its definition as the intersection of closed
sets. Now let x, ye O, V, We 4. Since yecl(int V), yWNint V# . Letae W
with ya € int V. Then there exists U € 4 with Uya< ¥, whence Uya< ¥ (recall that
right multiplication by ya is a homeomorphism of S onto S). Now x € U. Then
xyae V and xy € VW -1, Since W is arbitrary, xy e cl (cl (¥))=¥ by Lemma 2.7.
Thus xye N [V | VeA]=0.

Now let xe Q. Set £=[E | E is a nonvacuous closed subset of S such that
E?cEcxQ]. Since (x@)(xQ)<=xQ(QQ)=xQ?<xQ,xQ €. The compactness
of S allows one to conclude immediately that & is inductive when ordered by
inclusion. Let E be a minimal element of & and u € E. Then (WE)uE)<uE(E?)
cuE?cuyE<E*cEcxQ. Moreover, since @ #uE and uE is closed, uE€é&.
The minimality of E implies that uE=E. Since u € E, this means that uy=u for
some y € E. Since S is a group, y=e;i.c. e EcxQ. Hence x~* € Q.

Finallyletae S, V e A Set f(x)=axa~* (x € S). Then fis a continuous mapping
of S into S with f(e)=e. Hence there exists W € A with f(W)< V. The continuity
of f implies that f(W)<V¥. Thus f(Q)<V. Since V was arbitrary, f(Q)<Q;
i.e. aQa—*< Q. The proof is completed.
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2.9 LEMMA. Let V be an open element of #. Then QV=V.

Proof. Let y € V. Since V is open, there exists W € A" with Wy < V. This implies
Wy<V. Now Q< W. Hence Qy<V (ye V), ie. QV<V. Let xe Q. Then xV<V
implies that xV< V. Thus QV<V.

2.10 PROPOSITION. S/Q is a compact Hausdorff topological group. Moreover,
if H is a subgroup of S then the coset space S|H=[Hx | x € S] is Hausdorff if and
only if H is closed and H> Q.

(Note: The above statement applies equally well to the coset space
[xH | xe S].)

Proof. Let II: S — S/Q be the canonical map, A<S. Then first I would like to
show that IT-I1(4)= QA. Now x € I1 "*II(4) if and only if II(x)=II(a) for some
a € A. This last can happen if and only if xa=' € Q, i.e. x € QA.

Let x, y € S with II(x)# II(y). Then xy~! ¢ Q. Thus there exists an open element
V of & with xy~* ¢ V. This implies the existence of an open element W of A4~ with
Wxy-*NV=g. By Lemma 29 QV=V. Thus Wxy-'n QV=g. Hence
OWx N QVy=g. Now OQWx and QVy are open subsets of S with II-1II(Wx)
=QWx and II-I(Vy)=QVy. Thus II(Wx) and II(Wy) are nonintersecting
neighborhoods of II(x) and II(y) respectively.

Let x € S. To show that the map yQ — xyQ (y € S) of S/Q into S/Q is continu-
ous it suffices to show that its composite with II is continuous. But this composition
is merely I composed with left multiplication by x on S. Similarly, the map
yQ —yxQ (y€S) of S/Q into S/Q is continuous. Hence S/Q is a topological
group by [2].

Now suppose H is a subgroup of S such that S/H is Hausdorff. Since H is the
inverse image of {H} under the canonical map p: S — S/H, H is a closed subset of
S. Let N be a closed neighborhood of {H} in S/H. Then there exists ¥ € # with
p(V)<N. Since N is closed, this implies that p(¥)< N, whence p(Q)< N. Since S/H
is Hausdorff, the intersection of the closed neighborhoods of {H} is just {H} itself.
Thus p(Q)={H} and therefore, Q< H.

Finally, let H be a closed subgroup of S with Q< H. Then II(H) is a closed
subgroup of S/Q with S/H homeomorphic to (S/Q)/II(H).

2.11 Notation. Let H be a subgroup of G, & a T-subalgebra of €. Then Q(H, &)
will denote (M [clse V' | V a 7(&f)-neighborhood in H of w]. When there is no
possibility of confusion, this set will be denoted Q(&) or simply Q.

2.12 PROPOSITION. Let H be a 7(%)-closed subgroup of G and &/ a T-subalgebra of
€ such that S H< . Then H/Q(H, &) is a compact Hausdorff topological group
when provided with the quotient topology induced by the topology () on H.

Proof. Since (G, 7(%¥)) is compact by Proposition 2.5 and H is +(%)-closed,
(H, 7(¥)) is compact. Now ()< 7(¥) implies that (H, r(¢/)) is compact. Finally
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the fact that &/ H< &/ together with (i) and (ii) of Proposition 2.6 allows us to
apply Proposition 2.10 to obtain the desired conclusion.

3. In the rest of this paper I would like to apply the machinery developed in §2
to questions in topological dynamics. In particular I wish to reprove Furstenberg’s
structure theorem for minimal distal transformation groups [8] and indeed to
generalize it to include the class of grouplike extensions introduced in [7].

In this section I shall recall some notions and results from other papers in order
to make this exposition more or less self-contained.

Let &/ be a T-subalgebra of €. Then a T-homomorphism ¢ of & into € is an
algebra homomorphism of &7 into € such that ¢(¢f)=14(f) (t € T, f € ). The set
of T-homomorphisms of %7 into ¥ will be denoted by |«|.

The set || is given the structure of a transformation group as follows: First |#/|
is provided with the smallest topology making the real valued function ¢ — {f$, e)>
(¢ € ||) continuous for all fe . This topology makes |«/| into a compact
Hausdorff space. Then T is allowed to act on |&/| via the map (¢, ) — ¢t (¢ € ||,
t € T), where ét is that element of |%/| such that (¢¢)(f)=4(f)t. It is easily verified
that this action makes the pair (|.%/|, T) a transformation group. If moreover
<M, (the algebra associated with the minimal subset M of BT) then (||, T)
is a minimal set; i.e. the orbit [¢#/t € T] is dense in || for all ¢ € |&|.

As in [6] I shall say that the T-subalgebra &/ of € has a certain recursive property
if the corresponding transformation group (|«/|, T) possesses that property.
Thus, for example, I shall say that & is minimal if (|7|, T) is minimal.

The above construction gives rise to a large class of transformation groups as the
following proposition reveals.

3.1 PROPOSITION. [6, PROPOSITION 3]. Let (X, T) be a minimal set with X compact
Hausdorff. Then there exists a T-subalgebra &/ of € such that & <# and (||, T)
is isomorphic to (X, T).

Thus we can study the class of minimal sets with compact Hausdorff phase
spaces by studying the collection of T-subalgebras of ..

Given a T-subalgebra & of ¥ it is desirable to know what the elements of ||
“look like”. To this end let p denote the map f— fp (f € ¥) of € into €, where p
is an arbitrary element of 8T. Then it is easily verified that p € |%|.

The set |¢| can be made into a semigroup by defining ¢4 for ¢, ¢ € |#| to be that

element of |€| such that f(¢)=(f)¢ (f€ ¥).

3.2 PROPOSITION [6, LEMMA 2 AND COROLLARY 1 OF PROPOSITION 1].

1. The map p — p is a semigroup and a transformation group isomorphism of BT
onto |€|.

2. Let &/ be a T-subalgebra of € and ¢ € ||.

Then there exists p € BT such that ¢=p | <
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Because of 3.2 I shall identify BT with |¢| and use the same letter to denote an
element of BT and |%|. Thus p € BT will also denote the map f— fp (fe %) of
€ into €. Moreover if & is a T-subalgebra of ¢ and p € BT then p|&/ will denote the
restriction to & of the map f— fp (f€ %). In fact when there is no chance of
confusion I shall denote p|#/ by p and thus view p as an element of |.«/|.

3.3 Notation. Let & be a T-subalgebra of #. Then &(%/) will denote the subset
[« | fu=f, (f€ )] of G.

Let H be a subset of G. Then A(H) will denote the subset [f| fa=f, (x € H)] of %.

It is shown in [7] that &(&) is a 7(¥)-closed subgroup of G. Moreover, if H is a
7(%)-closed subgroup of G, then A(H) is a T-subalgebra of € such that A(H) <A
and GUA(H)=H.

3.4 DErFINITION. Let 7 be a T-subalgebra of €. Then & is distal if fpw =fp for all
fes, peBT, and idempotents w in M. (This is equivalent to requiring that
(||, T) be distal in the sense of [9]; see [11] and [3].)

3.5 DEFINITION [7]. Let &, # be T-subalgebras of ¥ with & < #<.#. Then Z is
a group-like extension of .« if pw|&/ =p|«/ implies that pw|#=p|% for all p € BT
and all idempotents w in M. If in addition, ®&(%) is a normal subgroup of &(«),
then & is called a group extension of .

3.6 DerINITION. Let (X, T) and (H, X) be transformation groups with the same
phase space X. If the elements of H commute with those of 7, then the pair of
transformation groups {(X, T), (H, X)} is called a bitransformation group and is
denoted (H, X, T). In such a situation the orbit space X/H=[Hx/x € X] becomes a
transformation group with phase group T in a natural way.

The following propositions relate the various concepts introduced above.

3.7 PROPOSITION [7, PROPOSITION 20). Let &/ be a T-subalgebra of M. Then & is
distal if and only if  is a group-like extension of the algebra of constant functions, R.

3.8 PROPOSITION [7, PROPOSITION 27). Let &/ and & be T-subalgebras of M such
that o/ <%. Then & is a group extension of & if and only if there is a group of homeo-
morphisms H of |%| onto |%B| such that (H, |%|, T) is a bitransformation group and
(1%\/H, T) is isomorphic to (||, T). In this case H is isomorphic to &()|&(%).

In [7] a “neo-Galois theory” was developed in the context of group-like ex-
tensions. See in particular Proposition 19 of [7]. The following generalization of
that proposition has been proved by Horelick [10].

3.9 PROPOSITION [10). Let &, & be T-subalgebras of M such that % is a group-like
extension of &, let F=[% | ¥ is a T-subalgebra of € with o/ cF <), and let
G=[H | H is a closed subgroup of G with &(B)< H= &()]. Then the map F
—&(F)(F eF) is a bijective map of F onto G, its inverse being the
map H—A(H) N &.

In order to state the Furstenberg structure theorem I must introduce the notion
of an isometric extension.
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3.10 DEerINITION [8]. Let (X, T) and (Y, T) be transformation groups. Then
(X, T) is an isometric extension of (Y, T) if there exists a homomorphism II of
(X,T) onto (Y,T) (i.e. a continuous surjective map such that II(xz)=TII(x)z,
(xe X,t€T)) and a continuous real valued function p defined on the subset
A=[(xy, x2) | Ix;=TIx,] of X x X such that p restricted to II-*(y)x II-*(y) is a
metric on I1-1(y) for all y € Y and p(x,, x5) = p(x,¢, x,t) for all pairs (x;, x,) in 4
and allzin T.

The isometric extension is nontrivial if II is not one-one.

When & and # are T-subalgebras of € with &/ <% and I say that # is an
isometric extension of &, the homomorphism II of (|%|, T) onto (||, T) will
always be understood to be the restriction map; i.e. II(¢)=¢| (¢ € |Z|).

3.11 PROPOSITION [FURSTENBURG 8). Let (X, T) be a minimal, distal transforma-
tion group with compact metric phase space X. Then there exists an ordinal number v,
minimal, distal, transformation groups (X,, T) («<v) and surjective homomorphisms
I1%: X, — X (B<a<v) such that:

(D) X,., is an isometric extension of X, with respect to the homomorphism
M2+ (a4 1<v); ‘
(I1) X, is the inverse limit of (X3, B< ) for every limit ordinal « <v;
(1) (Xo, T) is the trivial transformation group;
aw) x,=X.

Knapp [12] has observed that one can weaken slightly the condition that X be a
metric space. I would now like to restate Proposition 3.11 in terms of T-subalgebras
of € incorporating Knapp’s generalization. Notice that to say that X is compact
metric is equivalent to saying that the algebra of continuous real valued functions
on X is separable in the sup topology.

3.12 DEFINITION. Let &7 be a T-subalgebra of €. Then &7 is quasi-separable if the
T-subalgebra, {f}, generated by fis separable for all fe .

Knapp has also observed that if T can be provided with a ¢-compact topology
making the map (¢, t) — ¢t of || x T into |#/| continuous, then & is quasi-
separable. Thus if T is countable, every T-subalgebra of ¥ is quasi-separable.

Proposition 3.13 is essentially a rephrasing of Proposition 3.11.

3.13 PROPOSITION. Let &/ be a minimal, distal, quasi-separable T-subalgebra of €.
Then there exists an ordinal v and T-subalgebras 4, (a« <v) such that:
W) <oty (25B<v);
(I1) <, ., is an isometric extension of &, («+1=v);
(1) & =cl (Us<a ) (o limit ordinal <v);
(IV) &=R;
V) Z=o.

4. In this section I would like to use the results of §2 to unify those of §3 and to
generalize Proposition 3.13.
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First I would like to make a few remarks about bitransformation groups
(H, X, T). Notice that in Definition 3.6 no mention is made of any topology on H
or T. For most of the situations encountered in topological dynamics these topol-
ogies play a minor role and indeed may be assumed discrete. However, even if X is
compact Hausdorff, the orbit space X/H need not be Hausdorff. It is clear that in
“practice” it would be nice to know that X/H is indeed Hausdorff. One condition
which will guarantee this when X is compact T, is that H can be provided with a
compact Hausdorff topology 7 such that the map (4, xX) > hx of (H, 7 )x X — X
is continuous. If such a J exists, it must be equal to the topology of pointwise
convergence, provided that H acts effectively on X. In analogy with fiber space
theory it seems natural to call such bitransformation groups principal. (Recall that
H acts freely on X if hx=x for some h € H and some x € X implies 4 is the identity
of H.)

4.1 DerINITION. Let (H, X, T) be a bitransformation group and (Y, T) a trans-
formation group. Then (H, X, T) is a principal extension of (Y, T) with group H if

(I) H acts freely on X,
(II) there exists a compact Hausdorff topology 4 on H such that the map
(h, x) = hx of (H, ) x X into X is continuous, and

(1) (X/H, T) is isomorphic to (Y, T).

The bitransformation group (H, X, T) is principal if it is a principal extension of
(X/H, T) with group H.

4.2 REMARKS. 1. Let (H, X, T) be a bitransformation group such that (X, T)
is minimal and suppose the action of H on X is effective (i.e. Ax=x for all x € X if
and only if 4 is the identity of H). Then it follows from the minimality of (X, T)
and the fact that [x | ~x=x] is a closed T-invariant subset of X, that H acts freely
on X.

2. Let (H,X,T) be principal, K a closed normal subgroup of H,
then (H/K, X/K, T) is principal.

The purpose of the next two lemmas and propositions is to exhibit the relation-
ship between principal and isometric extensions.

4.3 Standing notation. For the remainder of this section the following notation
will be in force: (H, X, T) will denote a principal bitransformation group with
compact Hausdorff phase space X, (Y, T) and II the canonical map of X onto Y,
(Z, T) a transformation group “in between” (X, T) the transformation group
(X/H,T)and (Y, T)i.e. I assume the existence of homomorphisms ¢ and ¢ of (X, T)
onto (Z, T) and (Z, T) onto (Y, T) respectively such that the diagram

\«i

II zT)

(X, T)

s
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is commutative, finally y, will denote a fixed point of Y and F the subset ¢~*(y,)
of Z. .
In order to avoid the trivial situation I assume H #{e}, the identity of H.

4.4 PROPOSITION. If H is metrizable, then (X, T) is an isometric extension of (Y, T).

Proof. Let d be an invariant metric on H, S=[(a, b) | a, b € X, a € Hb]. Then the
real valued function p on S such that p(a, b)=d(h, e) where (a, b) € S and 4 is-the
unique element of H with a=hb satisfies the requirements of definition 3.10.

4.5 COROLLARY. There exists a nontrivial isometric extension (W, T) of (Y, T) and
homomorphisms f and g of (X, T) onto (W, T) and (W, T) onto (Y, T) respectively
such that the diagram

(X,T)\f‘
n T
@< ¢

is commutative. Moreover (W, T) may be chosen to be a principal extension of (Y, T),
the group of which is a Lie group.

Proof. We can always find a closed normal subgroup K of H such that L=H/K
is a Lie group not reduced to the identity. (Of course the identity component of L
may be the identity in which case L is finite.)

Set W=X/K. Then Y=W]/L and (L, W, T) is a principal extension of (Y, T).
Also, (W, T) is an isometric extension of (Y, T) by 4.4. (The maps f and g are the
canonical ones.)

Now let us assume that (X, 7) is minimal. Let # € H. Then the set [x | #(hx)
=¢(x)] is a closed T-invariant subset of X. Hence if ¢(hx,)=d¢(x,) for some
Xo € X, then ¢(hx)=¢(x) for all x € X.

Now let x, € X with II(x,)=y,, let z € F=y¢~%(y,) and h € H. I wish to define an
action of H on F. There exists k € H such that ¢(kx,)=z. Set hz=¢(kh~'x,).

To see that hz is well defined, let /€ H with ¢(Ixo)=z. Then II(lx,)=TII(kx,)
whence there exists ae H with k=al. Then ¢(alx,)=4¢(kx,)=4(Ix,), whence
#ax)=¢(x) (x € X). Set x=1Ih"*x,. Then ¢(kh~1x,)=d(alh~ x,) =¢(lh~*x,).

The proof that (H, F) is a transformation group and that the map (h, z) — hz of
H x F into F is continuous is straightforward and I shall omit it.

The map ((x, z), t) = (xt, z) of Xx FxT— X x F defines an action of T on,
X x F which together with the diagonal action of H on X x F makes (H, XxF,T)
into a bitransformation group.

I now wish to show that (X' x F)/H, T) is isomorphic to (Z, T). To this end let
Zo=¢(x;). Let (x,z)e Xx F. Then there exists he H with hzo=z. Set §(x, z)
=¢(h~*x). Now suppose ke H with kzy=z. Then z=¢(k 1x,)=¢(h xo)=
é(h~*kk~*x,) whence $(u)=¢(h~*ku) (u € X).
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Set u=k~'x. Then ¢(k~*x)=¢(h~kk~*x)=¢(h~1x), whence ¢ is well defined.

Again I shall leave the proof of the continuity of ¢ to the reader.

Clearly ¢ is onto. Now let /€ H and (x, z) € X x F. Let h € H with hz,=z. Then
lhzo=1z whence $(I(x, z))=¢(Ix, Iz2)=¢((Ih)~*Ix)=¢(h~*x)=(x, z). Thus ¢ in-
duces a homomorphism ¢ of (X x F)/H, T) onto (Z, T).

Finally suppose ¢(x, z)=¢(x., z,) for two points (x,, z;) and (x,, z,) of X x F.
Let z;=hyz, and z,=hyz,. Then @(h;1x,)=¢(hs'x;). This implies that II(x,)
=TI(hy *x,)=TI(hs *x;)=TI(x,). Hence there exists /e H with x,=Ix,. Then
é(hy1x,) =(hs tlx;) whence (hy 1x)=d¢(hs Ix) for all x € X. Now set x=1I"1x,.
Then ¢(hy 1]~ 1x,)=¢(h5 *x,), which is another way of writing that /z, =z,. Thus
1(x1, 1) =(Ix1, Iz;) =(x3, z5). This completes the proof of the following proposition.
(The proof that the various diagrams involved are commutative is straightforward.)

4.6 PROPOSITION. If (X, T) is minimal then there exists an action of H on F and an
isomorphism $ of (X x F)/H, T) onto (Z, T) such that the diagram

X, T)
) ¢
I
(XxF)/H,T) (VA
é
g ¥
(Y,T)

is commutative; where f(x)=n(x, z,) (x € X) and gn(x, z)=1I(x) (x € X, z€ F) and
7 is the canonical map of X x F onto (X x F)/H.

4.7 PROPOSITION. Let (X, T) be minimal and F metrizable. Then (Z,T) is an
isometric extension of (Y, T).

Proof. By Proposition 4.6 we may assume that (Z, T)=((Xx F)/H, T). Let o be
a metric on F and set d(u, v)=sup [o(hu, hv) | h € H]. Then d is an H-invariant
metric on F.

Using the notation of Proposition 4.6 set S=[(a, b) | a, b € (X x F)/H, g(a)=g(b)].
I wish to define a real valued function p on S which satisfies the conditions of
Definition 3.10.

To this end let (@, b) € S. Choose elements (x,, z;), (xz, z;) in X x F such that
7(x1, z1)=a and x(x,, z;)=>b. Since g(a)=g(b), there exists a unique /€ H with
xg=Ix;. Then set p(a, b)=d(lz,, z,). To see that p is well defined suppose 7(x3, z7)
=a, y(x2, z3)=>b and x;=1'x]. We must show that d(!'zy, z;)=d(Iz,, z,).

Since (x;, z)=2(x}, z;) (i=1, 2), there exist Ay, h, € H with (xi, z)=hy(x;, z))
(i=1, 2). Then x5="hoxo=hylx, =hylh] *x; shows that I’=hylh;. Thus d(l'z', z3)
=d(halhy 12y, z5)=d(holhs *hy 2y, hozo) =d(hylz,, hozs)=d(lz,, z,) by the H in-
variance of d.

The proof that the above defined p does indeed satisfy 3.10 is tedious but straight-
forward and will be omitted.
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4.8 PROPOSITION. Let (X, T) be minimal and let (Z, T) be a nontrivial extension of
(Y, T) (i.e. F#{zo}). Then there exist a transformation group (W, T) and homo-
morphisms «, B of (Z,T) onto (W, T) and (W, T) onto (Y, T) such that =P o«
and (W, T) is a nontrivial isometric extension of (Y, T).

Proof. Again we may assume that Z=(Xx F)/H and $=g. Since F#{z,} there
exists a neighborhood ¥ of the identity of H such that Vz,+# F. There exists a closed
normal subgroup K of H such that K<V and H/K=L is metrizable.

Set N=F/K. Then since H acts transitively on F, L acts transitively on L. Hence
N is metrizable. Of course H also acts on N and we may form W=(Xx N)/H.
Then the canonical map of F onto N induces a map « of (X x F)/H onto (X x N)/H.
Set B(p(x, z))=II(x) for all x € X, z € N, where p is the canonical map of Xx N
onto W. Then g=B - « and (W, T) is an isometric extension of (¥, T) by 4.7. It is
nontrivial because Kz,# F.

4.9 I would now like to prove the main result of this paper. Again in order to
avoid needless repetition I shall introduce some notation which will be in force till
the end of this section.

Thus & will denote a T-subalgebra of #, K a 7(%)-closed subgroup of G with
FK<Z & the subset [f|fe F; the maps « — {f, ap) of (K, 7(¥)) into R are
continuous for all p e BT), A =[f|f€ & fa=f, (x € K)]. The main result then
states that % is a principal extension of &~ with group K/K N &(Z).

The proof of the following lemma is straightforward.

4.10 LeMMA. % is a T-subalgebra of & such that ¥ <% and K< ¥.
4.11 LeMMA. K N (L) is a 7(F)-closed, normal subgroup of K and
(K/(K N 8(2)), 7(F)

is a compact Hausdorff topological group.

Proof. Set L=@(%). Let aeclsg L, fe % Since <&, fiw<folfiw. But
Ji=f=f". Hence f=fw=fa; ie. « € §(F)=L. Hence K N B(¥) is a 7(F)-closed
subgroup of K.

Let «ceK,Be KN G(F),fe¥ Then foec¥ implies that fofo~!=foa~?
=fw=f. Thus ¢fa~! € K N (&) whence K N B(Z) is a normal subgroup of K.

By 2.12 and 2.10 it suffices to show that Q= Q(K, &) is contained in L. Let
fe &, pepBT, >0 and I the closed interval about {f, p> of length &. Since {f, p)
={f, wp) and the map « — {f; op) of (K, &) into R is continuous there exists a
7(%) neighborhood V of w such that (f, Bp) € I for all B € clsg V. Hence {f, Bp> €1,
(B € Q). Since ¢ and p were arbitrary, this implies that f=/B (Be Q, f€ £). Thus
Q< ®(&)=L. The proof is completed.

4.12 PROPOSITION. Let L=KN &(¥F), S=K/L,x: K— S the canonical map.
Then the map 7: Sx | ¥| — |&| such that n(x(), x)=ox (« € K, x € | £|) makes
(S, |Z|, T) into a principal bitransformation group.
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Note: since ZK<.Z then the map f— fax which I denote «x is a well-defined
element of |Z| for all « € K and x'€ |#|. This defines a map {: Kx |Z| — | &|
namely {(«, x)=ax (« € K, x € | Z|). Then the following diagram defines 7

Kx|$|-€—> |Z|

| b

Sx |&| — |Z|
K

Proof. Let o, B € K with y(«)=x(B) and let x € |#|. Then «f8~! € L whence
Je=fB(fe %£). Thus fax=fBx (fe &) whence ax=8x. Hence 7 is well defined.

Recall that the topology on |#| is the smallest one making the functions
x — {fx, e) continuous for all f€ Z. Since Lo (« € K), this implies that the
maps x — 1(s, x) (x € | Z]) of | Z| into |Z| are continuous for all s S.

Moreover, by the definition of £ and the topology on |-#/|, the maps a« — ax of
(K, 7(£¥)) into | Z| are continuous for all x € |#|. Consequently the maps s— (s, x)
of (S, 7(£%)) into |#| are continuous (x € |-#|). Hence 7 is continuous [2].

Since (sx)t=s(xt) (s € S, x € |.#|, t € T), it remains only to be shown that S acts
freely on |.#|. Now ¥ < .# implies that (|.Z|, T) is minimal. Hence we need only
show that S acts effectively on |-#|. To this end let s € S be such that sx=x (x€|Z)|).
Let « € K with y(«)=s and let x, be the inclusion mapping of £ into €. Then
Xo € |&Z| and sx,=x, implies that fa=f(fe€ £). Hence o € L and s is the identity
element of S. The proof is completed.

4.13 LEMMA. Let x, y € |&| with x| =y|X. Then there exists o € K with x=ay.

Proof. Let S be as in 4.12. Assume that x ¢ Sy (Sy=7(S, »)). Then the two
closed subsets Sx and Sy are disjoint. Hence there exists f € £ such that { fax, e)=0
and {fay, e)=1 (x € K).

Since S acts on |Z|, it acts on %, (The action of S on % is given by f— fs
(fe &, s € S) where fs=fu« for some o € K with y(s)=c.) Proposition 4.12 implies
that the map s — fs of S into & is continuous when & is provided with the su-
premum norm. Since the image of S under the above map is compact, there exists
g€ such that (I) A(g)=[5 A(fs) du(s) [1, §4, Proposition 2] for all continuous
linear functionals A on % where p is Haar measure on S.

Let c€ K, t € T. Then the map h — (h, at)> (he &) of £ into R is continuous
and linear. Hence (I) gives that (g, az)> = [ {fs, at) du(s). Let x(«)=r € S. Then
s, aty>={fse, t)={fsr, t) and J.s <f:$’l', > df"(s)=fs <fS, ) dp.(s)=<g, t> by the
invariance of u. Thus ge=g (« € K) whence g € X.

Again, applying (I) to the linear functionals » — {hx, e) and h — <{hy, e> we see
that (gx, e)=[; (fsx, &) du(s)=0 and gy, e>=[s{fsy, &> du(s)=1. But this
contradicts the facts that g € " and x| =y|X.
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4.14 PROPOSITION. Let & be a T-subalgebra of # and K a (%¥)-closed subgroup
of G with FK<%. Then & is a principal extension of A" with group K/(K N &(F))
where L =|[f|fe Z and the maps « — (f, ap) of (K, (%)) into R are continuous
for all p e BT and X =F N A(K).

Proof. By 4.13 all we need show is that the restriction mapping 5 of |#| onto
|| induces an isomorphism of (|-#|/S, T) onto (|¢'|, T).

Let x € [Z| and s€ S. Then n(sx)=ax|# where « € K with y(e)=s. But fa=f
(fe ) by the definition of . Hence » induces a homomorphism 7 of (|£|/S, T)
onto (|Z|, T).

Now suppose 7(x)=7(y) for two elements x, y of |Z|. Then x|# =y|X" whence
x=ay for some « € K by 4.13. Thus x and y -determine the same element of |Z|/S.
Hence 7 is injective. The proof is completed.

In order to apply to 4.14 one must be able to compute .£. Moreover 4.14 says
something nontrivial only when £ # . Thus one must be able to compute £ and
prove that it is not 2. This is what I would like to do in the case of group-like
extensions.

Thus let &, # be T-subalgebras of # with &/ <% and # a group-like extension
of & The natural candidates for & and K of the preceding discussion are # and
&() respectively. However, in general Z&(%) is not contained in #. (This is true
only if # is a group-extension of 7)) Thus the first step in the analysis is to enlarge
% to a group extension, & of .

4.15 LemMA. Let & be the T-subalgebra of # generated by ) [Ba | a € ()]
Then & is a group extension of .

Proof. It is clear from the definition of & that ¥&(&)<< Thus it suffices to
show that % is a group-like extension of &

To this end let pe BT, we M with w?=w be such that p|/=pw|& Set ¢
=[f| f€ %, fp=fpw]. Then it is immediate that # is a T-subalgebra of &

Since # is a group-like extension of &, p|#=pw|%. Hence Z<¥. Now let
ce@(). Then op|/=p|/=pw|/=cpw|. Hence op|Z=cpw|%#, whence
Boc¥. Thus Ba<¥ (« € B(«)), whence ¥ =< The proof is completed.

4.16 LEMMA. Let 7, %, and & be as above. Then

& = [f|fe & fu = flae G

Proof. Set ¥=[f|f€ ¥, fa=f(« € &(L))]. Then ¥ is a T-subalgebra of & such
that &/ = ¢. This implies that &(¥)< G(=). But it is evident from the definition of
% that &()<@(¥). Hence (&) =E(¥). Since & is a group-like extension of &/
and <9<, ¥ is also a group-like extension of &/ [7, Proposition 9]. Hence
% =4/ The proof is completed.

Lemmas 4.15 and 4.16 indicate that we may apply the general theory with
F =%, K=0®(«) and that if we do this 2" turns out to be .
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Now I would like to determine the T-subalgebra # =[f|f€ & and the maps
o« — {f, ap) of (B(L), 7(%)) into R are continuous for all p € BT'] which plays the
role of Z.

Set A=@&(), 0=0(4, &), 2=[f| fe &, fa=f(a € Q)]. Then I shall show that
V=23

The proof of Lemma 4.12 shows (in the present notation) that Q< G(W).
Hence " < 4.

Now suppose f€ 2. Let pe BT and {«,} a net of elements of 4 such that «,
— a € A in the topology 7(&). I wish to show that {f; a,p)> — {f;, op).

First observe that since fw=p8 (8 € G), {f, Bp> ={f, Bwp) (B € G). Thus we may
replace p by wp in the above paragraph. This implies that we may suppose that
p=wp,ie.pe M.

Since M is compact, we may suppose that o, p converges to g € M. Then of course
*) <h, aypt) —<h gty for all he¥,teT. If we take h in &, this shows that
hp = hg since a, € &(&). Thus p|«/ =¢|<. By [7, Lemma 23] there exists B € 4 with
Bp=q.

I shall now show that a~1Be Q. To this end let y € G with py=w (such exists
since p € M and pM = M, see [4] for details). I claim that there is a subnet of {«,py}
={a,} which converges to gy in the topology (). Indeed, if this were not so there
would exist an index k such that gy ¢ cls¢ N, where N=[a,/m2k].

This leads to a contradiction as follows: Let # € & Then hg<h"? since the net
{«,p} converges pointwise to g (see Remarks 2.3, 1). Then hgy < h"?y < h¥py=h"w
(by Lemma 1.2, 4). This means that gy € N* (h € &), i.e. gy € cls N. Thus I may
suppose that {«,} converges to gy in the topology (). Since {«,,} also converges
to « in this topology, «~*qy € Q. Now gy =B8py=PBw=5.

Finally, relation (*) with h=fand ¢=e shows that {f, «,p)> — {f, Bp) =</, ep),
since f€ 2 implies that fa=fB if «~28€ Q.

Thus we have proved that 2=%" Now & is a group-like extension of &/, Q a
closed subgroup of G with $(F)< Q< @®(&) and 2=A(Q) N < Hence by 3.9
&(2)=0.

The above results are collected in the following proposition.

4.17 PROPOSITION. Let 7, # be T-subalgebras of M with o/ <% and # a group-
like extension of o, & the T-subalgebra of # generated by \J [Ba | o € (L)),
0=08(), &), 2=[f|fe S, fa=f, (x€ Q). Then 2 is a principal extension of
& with group &(&)/Q.

The problem now is to show that Q # ®(&), for then 2# % and so 2 is a non-
trivial extension of & It is at this point that the assumption that # is quasi-
separable must be introduced. I do not know whether it is true that Q+# ®(%)
without this assumption.

My present aim is to show that when # is quasi-separable &(%)Q # &(«).

For the remainder of this section I shall retain the notation of Proposition 4.17.
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4.18 LEMMA. Let L be a finite subset of &, Set

(L, ay = inf [; IKf, at>—<fs 1] | teT], (€ B()).

Then L is an upper semicontinuous function on (&(&), 7(&)). (Note that I use the
same letter to denote the set and the function associated with the set. This should,
however, cause no confusion.)

Proof. Let ae R, N=[a | x € (&), (L, xp=a). 1 wish to show that N is
7(&) closed.
Let Beclsy N, teT. Set =3¢, [tf—<{f; t)]; ie. {§, p>=Der [<Sfs Pt>—Lfi )]

(p € BT). Then ¢ € &, whence (I) pyw<4B.
Letee N,seT. Then

(B, as) =;L IKf asty—=<f, )] 2 IZLKf, ast—{f, “>",ZL I<f, sty—=<f; )]
2 “‘,ZL I<f; sty—=<f; )]

since « € N. Thus ¢a=a—¢ (« € N). Consequently ¢y =a—¢. Combining this with
(I) we get (@a—¢)w < ¢B. Evaluating this at e yields (¢, B) =2 a since (¢, e) =0. Hence
Srew |[<fs Bt>—<f, t)|Z a. Since ¢ was arbitrary this implies that (L, 8> 2 a, whence
B € N. The proof is completed.

The proof of Corollary 4.19 follows in the classical manner from 4.18.

4.19 CoROLLARY. With the same notation as in 4.18, the set of points of continuity
of L is a residual subset of ().

4.20 LEMMA. Let L be a finite subset of &,
(L, ay = inf [,ZLKf, aty—(f, 1) | te T] (€ B(2)),

B € &(#)Q. Then <L, B)=0 if L is continuous at B.

Proof. First observe that (L, »>=0 and that since L=0, L is continuous at w
by 4.18.

Now suppose L is continuous at B=y8 where y € (%) and de Q. Let ¢>0.
Choose neighborhoods ¥ of B, W of 8 and N of w such that (I) yW<V, (II)
KL, > =L, Byl <e (€ V), (III) (L, &) <z (a € N).

Since § € Q<clsy N, there exists n € W N N. By (I) and (II) [<L, yn) —<L, B)| <«
and by (III) <L, ) <e. But Ly=L since L= % and y € &(%). Thus {L, yn>=<(L, )
whence (L, B> <2e. The proof is completed.

4.21 LEMMA. Let fe B, {f} the T-subalgebra of # generated by f, # a dense
subset of {f}, @ € &(B)Q such that L is continuous at « for all finite subsets L of #.
Then fo=f.
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Proof. By 4.20 (L, «)=0 for all finite subsets L of 5. This implies that the set
A,=[x| x e M, {h, ax)=<h, x> (h € L)] is nonvacuous for all such L.

Clearly A, is a closed subset of M and 4, < Ay if N L. Hence the family (4,|L
finite subset of 5#) has the finite intersection property. Consequently there exists
xe M with <he, x>=<h, x) (he #). Since s is dense in {f}, <ha, x>=<h, x)
(he{f}). This implies that {tfe, x)=<tf, x) (teT);i.e. {fa,xt>={f,xt)>(teT).
Since cl(xT)=M, {fo,y)={f,y)(yeM). Thus {fo,t>=fo,wt)={f, wt)
={fow, t)={f, t) (t € T). The proof is completed.

4.22 LEMMA. Let ¥~ be the smallest topology on &(&/) making the real valued
Sfunctions o« — {f, «) (a € &(L)) continuous for all f€ & Then (1) (&(X), V") is
compact. (2) The maps e — Bo (« € 8()) of (B(K), ¥") into (B(), V") are con-
tinuous for all B € B(&). (3) ¥ 2 7(&), (4) (B(K)/&(F), V") (¥ here denotes the
quotient topology induced by ¥") is compact Hausdor(f.

Proof. 1. Let % be an ultra filter on ®&(&). Since M is compact there exists
P € M such that Z — p pointwise. Then f(%) — {f, p) (fe &).

Since % < (&), p|« is the identity. Hence there exists [7, Lemma 3] « € (%)
with p|¥ =«|& Thus f(%) — {f, ) (fe &).

2. Let () be a net in B() such that «, — « € B(&) with respect to ¥ i.e.
S e =<, &) (fe &). Since S E(L)<S, this implies that {fB, o) = {fB, &
(B e B(), fe &). Hence Be, — Bo with respect to ¥~ for all B € ().

3. Let Nc@®&(&), « € ¥ ~closure of N, and fe & Then by 2.3, 1 and 1.2, 4,
JeSfV=fY< fNw»; whence « € clsg N. Thus the identity map of (8(«), ¥") into
(B(), 7(¥)) is continuous.

4. Let U=[(e,B) |, Be®(F) and {f,ed={f, B> (feF)]. Then U is a
¥ -closed equivalence relation on &(&7). Hence (&(&)/U, ¥) is Hausdorff. But
(o, B) € U if and only if ¢~ € B(S) since & is T-invariant.

4.23 LeMMA. (8(&)/G(S), (&) is a Baire space (i.e. the intersection of count-
ably many everywhere dense open sets is again an everywhere dense set).

Proof. Let (4,) be a sequence of 7(¥)-closed subsets of &()/G(&) with
U 4,2V with V+(&)-open to show that there exists n with the =(#)-interior of 4,
not empty.

By 4.22 (3), A, is ¥ -closed for all k, and V is ¥ "-open. Hence by 4.22 (4) there
exists n with the ¥ -interior of 4, not empty.

Now @(«)/E(&) is a group and 4.22 (2) shows that left multiplication by any
element is a homeomorphism of (&(&)/&(¥), ¥) onto (&(), B(F), ¥"). Since
(B(L)/G(S), ¥) is compact, there exists a finite subset F of G(«)/G(S) with
FA,= @5(.91)/@5(.5’).

Finally since left multiplication by any element is a homeomorphism of

(B(H)/B(S), (&) onto (&(H)/G(¥), 7(&)) and A4, is (&)-closed, we may

conclude that the 7(&)-interior of A4, is not empty.



280 ROBERT ELLIS [November

424 LEMMA. 1. OQ®(D) is a 7(F)-closed subgroup of &(L).
2. If % is quasi-separable then Q&(%)+# &().

Proof. 1. Let  be the canonical map of &(2) onto G()/Q. Now &(%) is a
7(&)-compact subgroup of (/). Hence 7(&(%F)) is a 7(¥)-compact subgroup of
&()/Q. Since (B(L)/Q, (&)) is Hausdorff, 7(&(%H)) is (&)-closed. Hence
0B(®)=n""17(&(%)) is (&)-closed.

2. Assume that 4 is quasi-separable and that Q®(%)=&(&). Let fe Z, {f} the
T-subalgebra of & generated by f, 5 a countable, dense subset of {f}, and F(5¢)
the collection of finite subsets of 5 For each L € F(5f) let L again denote the map
o — inf [Dep |[<h, at>—<Ch, t)] | t € T] of ®() into R. Let x denote the canonical
map of G(«) onto G()/G(F).

Then each L in F(5#) induces a map L of (#)/®(¥) into R; namely <L; x(e)>
=(L, «) (« € B(&)). Let C, denote the points at which L is continuous and C;,
those at which L is continuous.

Now x~1L-1[a, ©)=L"[a, ) is a 7(¥)-closed subset of &(=) for all real
numbers a, by 4.18. Hence L ~[a, ) is a 7(#)-closed subset of &(=)/&(¥) whence
L is upper semicontinuous. Hence €= [C, | L € F(s#)] is a residual subset of
(8(K)/G(S), 7(&)) whence by 4.23 € is a 7(F)-dense set.

It is clear that x~%(C,) = C, (L € F(5#)) and that x"{(()= C= [C, | L € F(#)].
Since y is an open mapping, C is 7(%)-dense in &(L).

Lemma 4.21 together with the assumption that Q®&(%)=G®(%) implies that
fa=f (« € C). But the set of « for which fa=fis 7(%#)-closed. Thus fo=f for all
e eclsy C=@ (). Since f was an arbitrary element of %, this implies that &(2)
< ®(%). Hence G()=&(#) whence #=, a contradiction. The proof is com-
pleted.

4.25 PROPOSITION. Let &, # be T-subalgebras of M such that o/ <% and such
that & is a nontrivial, quasi-separable, group-like extension of &. Then:

(1) There exists a nontrivial isometric extension W~ of & with L <W <%.

(2) There exist an ordinal v and a collection of T-subalgebras (#, | « <v) such that
D) Bo=A, (1) B,=%B, (1) B, < B («<B=v), (IV) &, is a nontrivial isometric
extension of B, (a<v), and (V) B,=cl (U [%; | B<<]) for all limit ordinals a<v.

Proof. 1. Set 2=[f|fe ¥, fa=f, («= Q)] and

# = [f|feS fa = («e QB@))].

Then & <5# and & # 3¢ by Lemmas 4.24 and 3.9. Moreover & <3¢ < 2and 2isa
principal extension of & by 4.17.

Proposition 4.25 (I) now follows from 4.8 with |2|=X, |5#|=Z, |«/|=Y. The
algebra %~ corresponding to W will be contained in s# which in turn is contained
in 4.

2. Set B,=. Assume %, defined for all ordinals « less than a fixed ordinal y
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such that the family (%, | «<y) has properties (I), (II), (IV), (V) of Proposition
4.25 where v is replaced by y.

I wish to define &,. If y is a limit ordinal set #,=cl (U [#, | «<y]). Otherwise,
suppose y=B+1. If B,=2%, set B,=%. Otherwise choose %, to be a nontrivial
isometric extension of %, with #,<%. (This is possible by 1.)

Thus &, is defined for all ordinals «. Since #,< % for all « and Z,2%; if «> B
unless #;=42%, there must be a smallest ordinal » such that #,=4. Then it is easy
to verify that the family (%, | «<v) has the desired properties.

The proof of the following structure theorem is similar to the proof of 4.25 and
will be omitted.

4.26 PROPOSITION. Let &, & be T-subalgebras of # such that & < & and such that
& is a nontrivial, quasi-separable, group extension of <. Then (1) there exists a
nontrivial principal extension 9 of & such that o/ <9< % and such that the group
of the extension is a compact Lie group. (2) There exist an ordinal v and a family of
T-subalgebras (&, | a<v) such that (i) SH=#, (i) &,= (il)) <% (@SBSy),
(iv) & +1 is a nontrivial principal extension of &, such that the group of the extension
is @ compact Lie group, (v) £,=cl (U [¥ | B<<]) for all limit ordinals «<v.

In Proposition 4.26 <., is in general not the “largest possible” principal
extension of <, the reason being that it is insisted that the group of the extension
be a Lie group. If this is dropped and the principal extension is always taken to be
the largest possible, then the various extensions and groups involved may be
explicitly described.

Set Yo=o, Qo=(¥), 0:=0(Q0, &) and ¥,=A(Q,) N & (i.e. those fe &
with fe=f(« € 0;)). Then Q, is a 7(#)-closed, invariant subgroup of Q, and under
the assumptions of 4.26, ¢, is a nontrivial principal extension of %, with group
Qo/ 0s- '

By Proposition 3.9, O, =®(¥%,) and so we may apply the above considerations to
%1, 01, Q2=0(0Qs, &), and Z,=A(Q,) N & in order to continue the construction.

Let B be an ordinal greater than one and suppose we have defined two families
(9, | «<pB) and (Q. | «<p) such that (I) ¥, is a T-subalgebra of & and Q, is a
7(%)-closed subgroup of ®(&) for all «<B, (II) ¥,=F N A(Q.) («<p), () if
a=y+1 and a<pf then Q,=0(Q,, &%), (IV) if « is a limit ordinal with «<p then
Q.=N[Q | y<el

If B is a limit ordinal, set Q,=( [Q, | «<B] and ¥;=A(Q;) N &L If B=c+1
then set O;=0(Q,, &) and 4,=A(Qy) N &,

Thus we have constructed two families (¢,) and (Q,) satisfying (I), (II), (III), and
(IV) for all ordinals o. If Q,# ®(&) then Lemma 4.24 shows that Q,# Q, for all
B <e. This implies that ¥,# & and that ¢, is a nontrivial extension of ¥, for all
B <eo. Hence there exists a least ordinal v with Q,=®(%) and ¢,=¢. This com-
pletes the proof of the following proposition. (Recall that by 3.9 4,=%(Q,) N &
implies that Q,=®(%,).)
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4.27 PROPOSITION. Let &/, & be T-subalgebras of M such that o/ <% and such
that & is a nontrivial, quasi-separable, group extension of <. Then there exist an
ordinal v and two families (9, | «=v), (Q, | «<v) such that

() 9, is a T-subalgebra of & for all «<v with Y= and 9,=¥,
(D) Q. is a 7(%)-closed subgroup of &() with Qo=8() and Q,=G(¥),

(III) Y= NUQ,) and 0, =G(%,) («=v),

AV) Qes1=0(Q0, F) (e+1=v) and Qp=(\ [Q, | y<B] for all limit ordinals
B=Sv.

V) 0.2 05 («=B=v) and Q,, is a 7(&)-closed invariant subgroup of Q,
(e+1=v),

VD) 9.,<9; («<B=v) and 9, is a principal extension of ¥, with group

O/ Qa+1 (2 +12).

428 REeMARKS. 1. Using the notation of Proposition 4.26 let « be a limit
ordinal with «<v. Set # =cl (U [¢; | B<<]). Then 5 is a T-subalgebra of & A
simple verification shows that &(3#)= Q,. Hence s =%, by 3.9.

2. Proposition 4.25 is indeed a generalization of the Furstenberg structure
theorem (Proposition 3.13) since the latter is obtained from 4.25 by setting &7 equal
to the algebra of constant functions.

5. In this section I would like to apply the main theorem to the case where the
algebra under consideration is the algebra of distal functions. Throughout this
section 2 will denote the T-subalgebra of € consisting of all distal functions and &
the T-subalgebra of € consisting of all almost periodic functions. Recall that fe &
ifand only if [tf|teT]is a re!atively compact subset of .

51 LEMMA. 1. fpe& forallfe& andpepT.
2. {f,e>={f,v) for all fe & and for all idempotents v.
3. £<Die. fpo=fp(feé,pepbT,v*=ve M).

Proof. 1. Letfeé&, pe BT.If the net of functions (z, /) converges uniformly to
then the net (z, fp) converges uniformly to hp. Hence fp € &.

‘2. Let v?=v e BT. Choose a net (¢,) of elements of T such that ¢, — v and sup-
pose that 1, — p € 8T.

Let fe &. Then the functions (¢, f) converge pointwise to the function pf.
Since f € &, (t; *f) converges uniformly to pf. Let ¢>0. Then there exists n, such
that [<t;Yf,q>—<pf,9>|<e(q€BT,n>n,). Now set g=rt,. Then [{f,r)—
{f, rt.pp| < e (r € BT, n>n,). Hence we may conclude that {f, r>={f, rup)> (r € BT).
When r=e this gives {f, &) ={f, vp)> and when r=v that {f, v> ={f; v*p) =, vp).
Thus {f, ed>={f, v).

3. Letfe&,pepBTand v®’=v. Lette T. Then tfp € & by 1 and the fact that & is
a T-subalgebra of €. By 2 {tfp, &> =<tfp, v); i.e. {fp, t)={fpv, t). Since this is true
for all t e T, fp=fpv.
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5.2 LEMMA. Let fe &. Then

1. {fY p>=sup [{fg, p)> | g€ N] for all subsets N of BT and all p € BT.

2. {fy,p>=inf [{fg, p) | g € N] for all subsets N of BT and all p € BT.

3. If fe o, a T-subalgebra of €, then the maps « — {f, ap) of (G, 7()) into R
are continuous for all p € BT.

Proof. 1. Let ¢>0, peBT. Since f¥ is continuous and fe &, there exists re€ T
such that [(fY, 1) —<{f¥, p>|<e and [<f, gt—f, qp)| < (g € BT). Then {f", p)—e
<{fM, t)=sup [{f,qt) | g€ N]<sup [{f,gp) | g € N]+e. Thus

Y, p> < sup [{f,qp> | g€ N]

and a similar argument shows that sup [{f, gp) | ¢ € N]={f¥, p).

2. The proof of 2 is similar to that of 1 and will be omitted.

3. LetpepT, <h, a)={f, ap) (c € G), a, b real numbers with a <b. I shall show
that 2~(a, b) is 7(&7)-open or equivalently that A~2[b, c0) and h~(—o0, @] are
7(&f)-~closed.

Let K=h~!(—o0,a] and aeclsy K. Since fe &, fa<f¥w. Hence {f, apd=
{fe, pYS{ frw, pp={f*, wp)>=sup [{fB, wp) | B€ K]=sup [{f, Bp)> | B K]<a
(by the definition of K). Hence « € K, whence K is 7(«#)-closed. A similar argument
using 2 instead of 1 shows that A~2[b, o0) is also closed.

5.3 PROPOSITION. Let &/ be a T-subalgebra of € such that S G< <. Then L <&
if and only if (G/&(&), |#|, T) is a principal extension of the trivial minimal set
with group G/®().

Proof. Assume &/ <&. Now apply Proposition 4.14 with F =« and K=G.
Then Lemma 5.2 shows that £ = Thus all that remains to be shown is that
AG) N Z=R.

Let fe A(G) N &, x e BT. Then {f, x)={fu, x) by 5.1. Furthermore {fu, x)
={ fux, e ={fuxu, e) again by 5.1. But uxue G and fe A(G). Hence {fuxu, e
={f, &>, whence {f, x)={f, e> and f€ R.

Now suppose that (G/®(&), ||, T) is a principal extension of the trivial
minimal set with group G/&(%). Let (,) be a net of elements of T which converges
pointwise to p € 8T, and let f € & I wish to show that the functions (z,f) converge
uniformly to the function pf.

Let I1: G/®(«) x || — || be the map such that I(«®(L), x)=ax (x € ||,
« € G). Let £¢>0 and 7 the index on |«/| defined by

n=1[(x»)]xye|| [Kf, x)=<{f, ] < el.

Then since II is continuous and the spaces involved are compact Hausdorff, there
exists a neighborhood N of p|#/ such that (ex, «y) e n foralla e Gand all x, y € N.
There exists n, such that ¢, € N (n=n,). Thus

|<j; atn>_<j;“tm>| <e (n,mz= no, « € G).
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Now |R| is trivial and & is a group-like extension of R. Hence given g € BT there
exists « € G with «|%/=¢g|«. Since tfe & for all €T, we may conclude that
[<tf; @ —<tuf, @>| <& (n,m=no, g € BT). Thus the net (¢, /) is uniformly Cauchy and
since it converges pointwise to pf, it converges uniformly to pf. The proof is com-
pleted.

5.4 PROPOSITION. 1. 2G< 9.

2. &=A(Q) N 2, where Q=Q(G, 2).

3. G©)=0(G, 2).

4. (G/®&(&), (D)) is the Bohr compactification of the discrete group T.

Proof. 1. Let fe 2. Then fpv=fp (p € BT, v®*=v € M). Replacing p by op in
the above relation gives fopv=fup (p € BT, v>’=v e M). Thus fe € 2 (« € G).

2. Let us apply Proposition 4.14 with # =2 and K=G. Then as in the proof of
5.3 A(G) N 2=R. Thus the T-subalgebra # =[f| fe D, « - {f, ap) of (G, 7(D))
into R is continuous for all p e BT} is a principal extension of R with group G/&(#").
Hence # =& by 5.3. But §<# by 5.2 since § <=2 by 5.1. Thus £=%"

Now 2 is a group-extension of R. Then by Proposition 4.17 and the discussion
preceding it £=A(Q) N 2.

3. This follows from 2, the fact that 2 is a group-like extension of R<¢,
and Proposition 3.9.

4. Let n: T— G be the map such that »(¢)=utu (t € T), II the canonical map
of G onto G/&(&), and o=m).

Let feé&,t,seT. Then the equations futs™‘uusu=/futs~ usu=futs'u)su
=(futs~*)su=futu show that n(ts~*)n(s) is congruent to n(t) modulo &(&).
Hence o is a homomorphism of T into G/&(&).

Now let « € G. Choose a net (¢,) of elements of T which converges pointwise
to a. Let f€ 2 and ¢ € T. Then ¢,¢ converges pointwise to «f. Hence {fe, t)> ={f, at)
=lim <{f, t,t>=lim {fut,u, t)> since f=fu and fut,=fut,u. Thus {fo, t><{f%, 1)
(t € T) where K==(T). This implies that fo<f¥=f¥“< fEy. Hence clsg 7n(T)=G
and o(7T) is dense in (G/&(&), 7(D)).

Now let H be a compact topological group and é a homomorphism of T into H
with dense range. Then there exists a continuous extension p of & to BT. It is easy to
verify that p(xy)=p(x)p(») (x, y € BT).

Since H is a compact topological group p*(¢(H))<¢. Thus p induces a contin-
uous homomorphism 5 of (G/&(€), ) onto H where ¥ is the quotient topology
induced by the topology of pointwise convergence on G.

By Lemma 4.22 with &/ =R and & =& we see that ¥” is the same as that induced
by 7(&). Since £<2, 7(€)<+(D) and because (G/&(€), #(2)) is compact (D)
induces the same topology on G/&(&) as does (&).

Finally it is immediate that 6(¢) = p(utu) = 5(o(t)). The proof is completed.

5.5 REMARK. It is also of interest to apply the main proposition (4.14) to the
case F =M =U(w) and K=G. The situation is complicated in this instance by the
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fact that A(G) N # need not be R. (See for example [10] where it is shown that
A(G) N A # R when T is the group of homeomorphisms of the circle.)

If we assume, however, that €(G) N # =R then & of Proposition 4.14 turns
out to be &. The reason for this is that # <& by Proposition 5.3 and £<.Z by
Lemma 5.2.

Since <M, 1(D)<+(#) and Proposition 5.4 implies that (G/&(&), 7(A))
is the Bohr compactification of the discrete group 7. (Recall that (G, 7(#)) is
compact.)

An important instance when A(G) N # =R is when T is abelian. To see this
observe that in this case ut=utue G(teT). Thus if feA(G)N A and teT,
{fi t>={ft, &); but fi=fut=f, whence {f, t)=(f; ).

5.6 REMARK. Another point worth considering is the relation between Q(G, )
and ®(&). Since 2<.#, Q(G, #)< O(G, 2) and so Q(G, #)< (&) by Proposi-
tion 5.4. I do not know whether in general Q(G, #)=@&(&). If this be not the
case it would be interesting to identify the compact topological group
(G/Q(G, #), (A)) which is “bigger” than the Bohr compactification of T and
which is associated with T in a natural fashion.

When T 'is abelian Q(G, #)=®(&). To see this let n: T — G be the map such that
n(t)=utu=ut, II, x the canonical maps of G onto G/®(£) and G/Q(G, A) re-
spectively. Set o=1IIy and p=y.

Since T is abelian, 7 is a homomorphism of T into G. Hence o and p are homo-
morphisms of T into G/®(&) and G/Q(G, ) respectively.

The identity map of G induces a continuous homomorphism ¢ of
(G/Q(G, #), 7(#)) onto (G/&(&), 7(#)) such that ¢p=o0. Since (G/G(S), 7(A))
together with o is the Bohr compactification of T by 5.4 and 5.5, all that remains to
be shown is that p(T) is dense in (G/Q(G, #), 7(#)). Now one shows this by
proving that cls, »(T)=G just as in the proof of 4 of 5.4.

6. In this section I show that the results obtained previously depend “ naturally”’
on the minimal ideal M and the idempotent » in M. In order to be precise I shall
employ the language of category theory.

6.1 Definitions and notation. J will denote the set of idempotents of BT which
belong to some minimal subset of BT.

Let v € J and N the minimal subset of 87 with v € N. Then K(v) will denote the
category whose objects are T-subalgebras &/ of € with & <U(v)=[f|f€ ¥, fo=Ff].

Let o/ # be objects of K(v). Then the set of morphisms from & to #
(Hom (&, #)) is just the set of T-homomorphisms from &7 to %.

6.2 REMARKS. 1. Let v eJ, N the minimal subset of 8T with v € N, &/, Z objects
of K(v) and ¢ € Hom (&, #). Then we know that there exists p € BT with p|/ =4,
i.e. $(f)=fp (fe ). Since & <A(v), p|« =vp|¥. Moreover, since ¢(¥)<%AB,
Ap< B<UA(v) and vp| =vpv|<. Thus we may conclude that

Hom (&4, #) = [p|« | p € Nvand &p < B].
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2. If we take v=uin 1, then N becomes M and the objects of K(u) are nothing
but the T-subalgebras of # considered in the previous sections.
Moreover, Mu=G so that in this case Hom (&, #)=[«¢|% | ¢ € G, L= H].

6.3 PrROPOSITION. Let N and L be minimal subsets of BT,v,we NNJ,8,yeLNJ
such that vy=v, yv=y, wd=w, dw=28. Then the covariant functor F such that
F()=s48 for all objects & of K(v) and F(p)=ypd (p € Hom (¥, %) € K(v))
is a natural equivalence of K(v) with K(8), its inverse being the functor G where
G(&)=%v and G(q)=wqu for all objects ¥ of K(8) and all morphisms q of K(3).

Proof. Let p: & > B, q: #— % be elements of K(v). Then F(pq)=ypqd
=ypygd=ypdyqd=F(p)F(q) since as remarked above we may assume that pv=p
whence py=p. (Recall that 8y=y since they are both in the same minimal set.)

The natural equivalence ¢: I — GF is given by o()(f)=/vdv=13 € GH(¥)
=47 v for all objects of K(v), and f€ & To see that this is so let p: &/ — % be an
element of K(v), and f € & Then (GF)(p)o(Z)(f)=(GF)(p)(fév). Now (GF)(p) is
the map h—> hwypdv (h e L8v). Thus (GF)(p)e(L)(f)=fvwypdv=fowypdv=
foypdv=fypdv=fpdv since vtw=w, dw=34§, dy=y and fy=f. On the other hand
o(B)(fp) =fpdv.

For each &, o(#/) is an isomorphism, its inverse being h — hwy (h € &/ 6v).
The proof is completed.

Let N be a minimal subset of 8T, v € N and & an object of K(v). Then & induces
a topology 7,(%) on Nv just as in §2. Thus if p € Nv and A< Nv, then p is in the
7() closure of A if and only if fp =< f4v (fe &).

6.4 PROPOSITION. Let N and L be minimal subsets of BT, ve NN J, é,yeLNJ
with vy=v and yv=y. Then the mapping ¢: (Nv, r,()) — (L8, 7,(3)) such that
&(p)=ypd is a homeomorphism and group isomorphism for all T-subalgebras </ of
A(v), the inverse being the map  such that Y(g)=vqy (q € L9).

Proof. Let p, g € Nv. Then ¢(pq)=ypqd=ypyqd=ypdyqd=¢(p)¢(q) since py=p
and Sy=y. Also, ¥¢(p)=vé(p)y=vypdy=vpy=p (p€ Nv); and ¢(r)=y¥(r)s
=yvryd=yré=r (r € L3). Hence ¢ is a group isomorphism of Nv onto L3.

Now let A< Nv and p € Nv with p in the =, (2/)-closure of 4 and let f € &78. Then

f=h& for some h € &, and fp(p)=hSypd=hypd=hps. Now hp < hv=h*"v=(hy)*"v
= (h8y)*"v=(hd)yv=["4"y< f4%v=f"4%. Hence fh(p)=hpS<[fr4%s=f*43.
Thus ¢(p) is in the 7,(78)-closure of ¢(A4). This proves that ¢ is continuous. The
proof that i is continuous is similar.
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